Suppose 0 < R < 1, G is the open annulus {z \ R < \ z \ < 1} and A (G) denotes the uniform algebra of functions analytic on G and continuous on G. Each nonzero endomorphism T of Λ(G) has the form Tf = f°φ for some φEΛ(G) with φ(G)CG.
Suppose 0 < R < 1, G is the open annulus {z \ R < \ z \ < 1} and A (G) denotes the uniform algebra of functions analytic on G and continuous on G. Each nonzero endomorphism T of Λ(G) has the form Tf = f°φ for some φEΛ(G) with φ(G)CG.
In the main result of this note, the spectra of endomorphisms of A{G) are determined for the case where the inducing maps φ have a fixed point in G. In addition, further results are discussed for other algebras of analytic functions.
Introduction.
In (
1) φ is a schlicht map of D onto itself and T is an automorphism of A (D). In this case σ(T), the spectrum of T, is either the entire unit circle or else σ(T) is a finite union of finite subgroups of the circle, or (2) σ(Γ) = {λ||λ|^l}, or (3) T N is a compact operator for some positive integer N in which case σ(T) = {(φ'(z o ))
n \n is a positive integer} U {0,1}.
The plan is to first prove that an analytic function φ which maps a bounded (open) region into itself has at most one fixed point unless φ is schlicht and onto. Knowing this, we consider an annular region G and the uniform algebra A(G) of analytic functions on G which are continuous on G and prove a theorem for A(G) similar to Theorem A. Finally, we will indicate other regions for which similar results are valid and also state some later results concerning endomorphisms of the disc algebra. that if φ is an analytic function mapping a bounded region Ω into itself and if φ has two fixed points in Ω, then φ is a schlicht map of Ω onto Ω.
Throughout this section, Ω will denote a fixed bounded region (open connected subset) in the plane, and if φ:Ω-^Ω, then φ n will denote the nth iterate of φ, i.e. ψ x = φ and φ n = φ °φ n -x . LEMMA 1.1. Suppose φ is an analytic function, φ:Ω->Ω and z Q Gil is a fixed point of φ.
Proof (i) Suppose in a neighborhood of z 0 the function φ has a Taylor series representation On the other hand, since Ω is bounded, {φ n } is a normal family on Ω and so there exist an analytic function Φ on Ω and a subsequence {φ nk } with φ nk -*Φ uniformly on compact subsets of Ω. Since {φ^Xzo)} is unbounded unless c m = 0 and lim k^x φ i Z ) (z Q ) = Φ (m) (z () ), we conclude that c m = 0 and hence φ(z) = z for all z in a neighborhood of z 0 . Since Ω is connected, φ(z)= z for all z E Ω.
( To show that φ is onto, suppose the contrary that for some c E Ω, c g: range φ. Suppose r > 0, C = {z||z-c|^r}CΩ and γ denotes the circle {z \\z -c\ = r}. Since c £ range φ, for each positive integer n and
On the other hand, we have shown that there is a subsequence {φ nk } with ψ nk -> z uniformly on C. Proof. Suppose z () is a fixed point of φ. As we have seen, if \φ'(z {) )\ = 1, then φ is schlicht and onto.
The remainder of the proof is in two parts. We first show that |φ'(z () )|^l, and then show that if |<p'(z o )|< 1, then z {) is the only fixed point of φ.
Indeed, suppose \φ'(z {) )\ > 1. If {φ nk } is a subsequence converging uniformly on compact sets to the analytic function Φ, then
If Φ is analytic on Ω and φ nk ->Φ uniformly on compact sets, then for each z E Ω, lim fc^* <p Πk (z) = Φ(z). But Lemma 1.3 implies that for z near z () , \im k^φn (z) = z ( ). Hence Φ(z) = z ( , in a neighborhood of z ( , and so Φ(z) = z 0 on Ω. This implies that z () is the only fixed point of φ,
REMARKS.
(1) More is known if Ω is conformally equivalent to the disc. Then the only analytic map of Ω into itself with two fixed points is the identity. This can easily be proved by reducing to the case that Ω is the unit disc and using Schwarz Lemma.
(2) In the case of an annulus G = {z | r, < | z | < r 2 }, it can be shown using, for example, the Hadamard three circles theorem, that the only analytic maps of G onto itself are linear fractional transformations which are either rotations about the origin (no fixed points unless the identity) or those of the_form φ(z) = e ie r λ r 2 lz. In the latter case the fixed points are ±e^eVr,r 2 and φ' at each fixed point is-1.
(3) The conclusion of Theorem 1.4 holds for any region which is conformally equivalent to a bounded region.
2.
The annulus algebra. We now specialize and let G be the open annulus G = {z | R < \ z \ < 1} where 0 < R < 1, and let A (G) denote the uniform algebra of functions analytic on G and continuous on G. For this algebra, too, every nonzero endomorphism T is a composition operator of the form Tf = f°φ where φ(ΞA(G) and φ: G -> G. In this section, the spectrum of T is determined in the case φ has a fixed point in the open set G. LEMMA 
// T is a nonzero endomorphism of A(G), then Tf -
\k=-m / k=-m k=-m
Hence Tf = f°φ for all f<ΞA(G).
Conversely, for each φ E A(G) with φ\G->G, the map f-*f°φ, for / E Λ (G), is a nonzero endomorphism of A (G). Henceforth in this paper we will show the dependence of this endomorphism on the inducing function φ by denoting the endomorphism by C ψ . Thus
It should be remarked that this is also standard notation for a composition operator. 
Thus σ(T) C{a
k | k is a positive integer} U {0,1} which, together with (i), implies that σ(T) = {a k \ k is a positive integer} U {0,1}. The main result will be proved in three parts, Theorems 2.5, 2.6 and 2.7.
It was observed at the end of §1 that the only schlicht analytic maps of the open annulus G onto itself have the forms φ(z)= e ιa z, a real, or φ(z) = e ia R/z, a real. Further, if T is any automorphism of a commutative semi-simple Banach algebra, then it has been shown ( [1] , [3] For more general theorems concerning spectra of automorphisms of Banach algebras see [1] or [3] . Now suppose φGΛ(G), φ:G->G and φ is not schlicht and onto. Let 5 = Π^= 1 φ n (G). A straightforward topological argument shows that 5 is a nonempty compact connected subset of G and that φ maps S onto itself. Suppose z Q E G is a fixed point of φ. The results of §1 show that this point is unique. Clearly z 0 E S and if S-έ {z 0 }, then the connected set S is infinite. In this case there is a sequence {x n }" = _ x CS with φ(x p ) = x p+ι for all integers p. To construct such a sequence, let
ZO^XQESΠG
and define x n = φ n (x 0 ) E S Π G for n ^ 0 and for n > 0 let x_ n E S satisfy ψ(x-n ) = X-n+x . Although x_ n need not be unique, we can find such *_" since φ maps 5 onto itself.
Proof Since C φ is not an automorphism, the inducing function φ is not schlicht and onto and so it follows from Lemma 1.2 that | φ'(z o )\ < 1.
We will show that if v is a positive integer, then σ(C φ )D {λ\\φ'(zo)\"<\λ\<l}.
To this end fix v and let g' g(z) = (z -z o y. Further, suppose x 0^ z 0 , x 0 GSΠG and that {x n }n=-~ is a sequence in 5 satisfying φ(x n ) = x n+λ for all integers n, and x n = φ n (jc 0 ) for On the other hand, a similar result holds for σ(C ψN+ ) since φ N+ι (G) is also a subset of U. That is, σ(C ΨN+ ) = {{φ\z o )) {N+x)k+ \k is a positive integer} U {0,1}. Therefore, by Lemma 2.4, we conclude that σ(Q) = {(φ (z o )) n I n is a positive integer} U {0,1} as required. To summarize, Theorems 2.5, 2.6 and 2.7, combined, show that Theorem A is valid for the annulus algebra.
Final remarks.
The theorems in §2 can be extended further to composition operators on uniform algebras of analytic functions on regions other than the disc or the annulus. The analogues of Theorems 2.5 and 2.6 can be proved in exactly the same manner as the originals. In Theorem 2.7, a crucial part of the proof was to express G as a union of two overlapping simply connected Jordan regions. Thus if Ω is conformally equivalent to any bounded region which can be written as a union of two overlapping simply connected Jordan regions and if φ E A (Ω), φ: Ω -> Ω and if φ (z 0 ) = z 0 E Ω, then Theorems 2.5, 2.6 and 2.7 hold with G replaced by Ω.
A final remark relates to the disc algebra and the case where φ has all its fixed points on the circle. In this case the spectrum of 
